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ABSTRACT Experiments on reconstituted chromosomes have revealed that mitotic chromosomes are assembled even
without nucleosomes. When topoisomerase Il (topo Il) is depleted from such reconstituted chromosomes, these chromosomes
are not disentangled and form “sparklers,” where DNA and linker histone are condensed in the core and condensin is localized at
the periphery. To understand the mechanism of the assembly of sparklers, we here take into account the loop extrusion by con-
densin in an extension of the theory of entangled polymer gels. The loop extrusion stiffens an entangled DNA network because
DNA segments in the elastically effective chains are translocated to loops, which are elastically ineffective. Our theory predicts
that the loop extrusion by condensin drives the volume phase transition that collapses a swollen entangled DNA gel because the
stiffening of the network destabilizes the swollen phase. This may be an important piece to understand the mechanism of the
assembly of mitotic chromosomes.

SIGNIFICANCE This paper shows that the loop extrusion stiffens entangled chromosomes because DNA segments in
elastically effective chains are translocated by condensin to produce loops, which are elastically ineffective. This stiffening
effect drives the volume phase transition with which entangled chromosomes collapse discontinuously. This function of
loop extrusion by condensin has not been identified. This theory provides the possibility that the DNA condensation at the

entry of mitosis is driven by the volume phase transition.

INTRODUCTION

At the entry of mitosis, chromatin, which has been distributed
within the nucleus in interphase, is condensed into mitotic
chromosomes by metaphase via a series of structural transi-
tions. A mitotic chromosome is composed of two sister chro-
matids, which are bound at the centromere by cohesin. Each
sister chromatid forms a cylindrical structure, where the loops
of chromatin are densely packed along the axis. This structure
has attracted molecular and cell biologists for more than 160
years (1). A crucial player in the formation of mitotic chromo-
somes is condensin, a ring-shaped protein complex that is
loaded onto DNA by embracing it (2). The loop extrusion the-
ory predicts that the chromatin loops of mitotic chromosomes
are produced by condensin via the loop extrusion process, with
which chromatin segments are uni-directionally transported
from the chromosome axis to the loops (3—6). The loop extru-
sion activity of condensin was visualized and characterized by
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using the DNA-curtain technique (7-9). Theoretically, mitotic
chromosomes are studied by using the analogy with bottle
brush polymers, in which side chains are densely packed along
their main chains (10,11).

In recent experiments, Hirano and coworkers have recon-
stituted mitotic chromosomes (12—14). They showed that
condensin and topoisomerase II (topo II) are necessary com-
ponents to assemble mitotic chromosomes for DNA derived
from mouse sperm cells by depleting protamines and nucle-
osomes (13) (see Fig. | a). Topo Il is an enzyme that disen-
tangles DNA by transiently breaking the double strand
and then ligating it (15,16). When both topo II and condensin
are depleted, chromosomes behave as swollen entangled net-
works, failing to be individualized and to form the condensed
cylindrical structure (see Fig. | b). Shintomi and Hirano have
recently discovered that when condensin is present and topo
II is depleted, DNA forms a new structure, called sparkler
(14) (see Fig. 1 ¢). The feature of sparkler is that DNA and
histone H1.8 are condensed in the core, and condensin I is
excluded to the periphery. The mechanism of the assembly
of reconstituted chromosomes have been experimentally
studied intensively in recent years (12—14,17,18).
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To understand the mechanism of the assembly of sparklers,
it is instructive to think of how the loop extrusion by conden-
sin affects the mechanics of entangled DNA networks. In
polymer physics, entanglements are treated as effective
cross-links that can slide along the chains (these effective
cross-links are called slip-links) (19-22). Networks of syn-
thetic polymers are prepared by cross-linking polymers in so-
lution. Network chains that are stretched or shrunken by the
deformation of the network contribute to the elasticity of the
network and thus are called elastically effective (23,24) (see
Fig. 2). Network chains that form loops are not stretched or
shrunken by the network deformation and thus are called
elastically ineffective. Loop extrusion translocates chro-
matin segments in the elastically effective fraction of the
network to the elastically ineffective loops. Loop extrusion
thus stiffens the network by decreasing the number of chro-
matin segments in the elastically effective fraction of the
network. We here take into account the stiffening of the
network by the loop extrusion in an extension of the statistical
thermodynamic theory of polymer gels to understand the
mechanism of the assembly of sparklers. Our theory predicts
that entangled DNA networks show a discontinuous transi-
tion between swollen and collapsed states—a volume phase
transition (25,26)—by changing the loop extrusion activity
of condensing.

MATERIALS AND METHODS
Entangled DNA gel

We here construct a minimal model of entangled chromosomes. We treat
these chromosomes as very long flexible chains that are not disentangled
on the experimental timescale. The chains are assumed to be electrically
neutral because the electric fields generated from the electric charges of
DNA are screened by salt ions in the solution at the physiological salt con-
centration (27). The chromosomes are treated as an entangled DNA gel
composed of N (Kuhn) segments of length b. In our model, we take into
account the entanglements, the loop extrusion process, and the transient as-
sociation of DNA by linker histone H1.8 (28) in an extension of the theory
of polymer gels (29). We use the affine tube model, with which entangle-
ments are treated as effective cross-links that can slide along chains (19,23).

The free-energy density (per unit volume of the final state) of the en-
tangled DNA gel has the form
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FIGURE 1 Polymorphism of reconstituted chro-
mosomes, from which nucleosomes are removed.
(a) With condensin and topoisomerase II (topo II),
the reconstituted chromosomes form a structure
akin to a mitotic chromosome. (b) Without conden-
sin and topo II, the reconstituted chromosomes
behave as an entangled polymer network. (c)
When only topo II is depleted, the reconstituted
chromosomes form sparklers, where DNA and
linker histone H1.8 are condensed in the core and
condensin is localized at the periphery. DNA seg-
ments, condensin, topo II, and H1.8 are represented
by green, orange, gray, and brown circles, respec-
tively. To see this figure in color, go online.

where g, is the elastic free energy of the network, g is the solution free en-
ergy that includes the transient association of DNA by linker histones and the
mixing free energy between DNA and solvent, and gp,g is the free energy
involved in the binding of linker histones to DNA. This free-energy density
is a function of the DNA volume fraction ¢ and the occupancy a. of linker his-
tones on DNA-binding sites. The loops are produced by the loop extrusion,
which is an active process, and are not densely packed at the periphery. These
loops thus do not contribute to the free energy of the system.

Without the loop extrusion by condensin, all the segments in the entangled
DNA network are elastically effective, and the number of segments Ny
between effective cross-links represents the extent of entanglements between
the DNA chains. With the loop extrusion process, N} segments are extruded to
form loops and become elastically ineffective. The remaining number of seg-
ments in the elastically effective part of the network is N — N;. With these
loops, the number of segments N, between effective cross-links have the form

N, N,

N N @)

because the number N /N of effective cross-links due to the entanglements
is constant. In deriving Eq. 2, we used the fact that the effective cross-links
due to the entanglements can slide along the chain to share the load.

The elastic energy density thus has the form
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FIGURE 2 Loop extrusion of DNA in an entangled network. In the tube
model, the entanglements are represented by effective cross-links (yellow
circles). The effective cross-links can slide along the chains with the defor-
mation of the network, and the chains between these cross-links develop
tension. These chains contribute to the elastic stress in the network and
thus are called elastically effective (see the magenta broken line). Loops
in the network are not affected by the network deformation. These loops
do not contribute to the elastic stress and thus are called elastically ineffec-
tive (see the cyan broken line). The loop extrusion by condensin (black cir-
cle) translocates DNA segments (green circles) in elastically effective
chains to elastically ineffective loops. To see this figure in color, go online.
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where the factor Neo /N, represents the stiffening effect caused by the loop-
extrusion process. o (= Ne¢p /Neo) is the volume fraction of elastically
effective chains. kg is the Boltzmann constant, and 7'is the absolute temper-
ature. A is the extension ratio with respect to “the reference state” (dis-
cussed below). The extension ratios are equal for all the directions
because we only treat the swelling and deswelling of the network, and
the network is isotropic. In deriving Eq. 3, we use the fact that the number
density of “entanglement strands” that are subchains between adjacent
effective cross-links is ¢.g/(b>N.) and that each entanglement strand con-
tributes an elastic energy of % %RZ, where R is the distance between the
(time-averaged) positions of the two ends of a subchain and OR is the
magnitude of the fluctuation of the subchain (23,24). With the network
swelling, each subchain is stretched to R = AbNeléz, while the magnitude
of the fluctuation is 0R? = b2N, because the number of segments in
the subchain change to N, due to the loop extrusion process (see above).

The extension ratio A obeys

¢() N, S
= —F — 4
¢eff A3 Ne(), ( )

which relates the volume fraction ¢ of elastically effective chains after
the deformation to the DNA volume fraction ¢, at the reference state
(see also Eq. 2), accounting for the difference in volume and (effective)
monomer numbers between the two states.

The reference state of a synthetic polymer gel is usually taken to the pre-
pared state, where the entanglements are trapped by cross-linking. Instead
of treating the entanglement process of mouse sperm chromosomes, which
can be complex, we define the reference state as a DNA solution that forms
the same number of effective cross-links as the mouse sperm chromosomes.
Eq. 3 is rewritten in the form

@NEO
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by introducing the shear modulus Go(= kgT¢ /(h*Neo)) of the network at
the reference state. Fortunately, although the reference state is a gedanken
concept, the final result depends on the reference state only via a single
parameter Go /¢>(1)/ ? which, in principle, is experimentally accessible by
measuring the stress-strain relationship of entangled mouse sperm
chromosomes.

The solution free energy has the form

kgT
g = 5 [(1 = @)log(l — ¢) — xe’¢?].  (6)

The volume fraction ¢ includes both DNA segments in elastically effec-
tive chains and the loops in the core but does not include DNA segments in
the loops at the surface. The first term of Eq. 6 is the free-energy contribu-
tion of the mixing entropy of DNA and solvent molecules. The second term
of Eq. 6 represents the effective interaction due to the transient association
of DNA by linker histones, where 7 is the corresponding interaction param-
eter (30) and a is the occupancy of linker histones on DNA-binding sites.
This effective interaction represents the tendency for mixtures of DNA
and linker histones to phase separate (31,32). Linker histones can be disso-
ciated from DNA-binding sites due to the translocation of the DNA by con-
densin. With Eq. 6, we treat cases in which the timescale of linker histone
binding is shorter than the timescale of the loop extrusion. In the spirit of
the affine tube model, we do not take into account the coupling between
the transient cross-linking of DNA by linker histone and the entanglement.

The binding free energy has the form

E— U o
kgT ’
(7

o
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where ¢ is the energy due to the binding of linker histones and DNA and p is
the chemical potential of linker histones. Indeed, the interaction parameter
has a relationship with the binding energy, x oce™¢/(*sT) (30). The first and
second terms of Eq. 7 are the free-energy contribution due to the entropy
with respect to the binding of linker histone. The third term of Eq. 7 is
the free-energy difference due to the binding of linker histone.

The time evolution of the DNA volume fraction ¢ is governed by the flux
of solvent flowing in and out from the entangled DNA gels (29,33-35), and
the dynamics of binding between DNA and linker histones determine the
occupancy . In the steady state, the time evolution equations are reduced
to the relationships
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We used g—i = 0andIT = ¢2% (%) to derive Eqs. 8 and 9, respectively.
The osmotic pressure IT is constant because there are no fluxes of solvent
in the steady state (see refs. (29,33-35)). One has IT = O for cases in
which the osmotic pressure at the exterior of the entangled DNA gel is
negligible. Eq. 8 implies that linker histones bind to DNA-binding sites
due to the binding energy ¢ — u (the second term) and/or the interaction
energy (the third term). The condensation of DNA enhances the binding of
linker histone (see the factor ¢ in the third term of Eq. 8). The expression
of Eq. 9 is similar to the force balance equation of polymer gels (29,35),
except for the stiffening effect due to the loop extrusion process (see the
factor Neo /N, in the first term) and the fact that the attractive interactions
between DNA segments are due to linker histones (see the factor «? in the
fourth term): the volume fraction ¢ is determined by the balance of
the elastic stress generated by the DNA network and the osmotic pressure
of the solution. We note that the loop extrusion increases the shear
modulus of the DNA network, which results from the entropic elasticity
of DNA chains and thus shrinks the DNA network. This modulus is
different from the osmotic modulus of the whole gel (that includes both
of the DNA network and the solvent), which represents the (linear) elastic
rigidity against the volume change of the network from the equilibrium
swelling (29,35). The DNA volume fraction ¢ and the occupancy o are
derived by using Eqs. 8 and 9 once we know the fraction Neo/N, of elas-
tically ineffective chains, which is determined by the loop extrusion
dynamics.

Loop extrusion dynamics

We use an extension of the theory by Goloborodko and coworkers (5) to
treat the loop extrusion process. The loop extrusion by condensin is subdi-
vided into the loading process, the translocation process, and the unloading
process. For simplicity, we here treat cases in which the loading rate of con-
densin molecules is relatively small and they do not form nested loops (see
also Discussion). Condensin is not loaded to DNA-binding sites that are
already bound by linker histones (18) but can be loaded to unoccupied
DNA-binding sites with equal probability. In this article, we treat cases in
which the concentration of linker histones is relatively small, ¢ — u >0,
and the binding between DNA and linker histones is stabilized by the inter-
action energy (the third term of Eq. 8). In such cases, the subchains at the
core of the gel can be occupied by linker histones as a result of the interac-
tion energy, while the subchains at the surface do not have enough interact-
ing partners to be stably occupied by linker histones. The time evolution
equations of the number of condensin at the core, n., and at the surface,
ng, have the forms
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where &, is the loading rate of condensin and is proportional to the concen-
tration of condensin in the solution. 7. is the average residence time of con-
densin. v, is the ratio of DNA segments at the surface.

In the steady state, the numbers of DNA segments that are already trans-
located to the loops by condensin at the core, N, and at the surface, Ny, have
the forms

1
Nc - Evex(f)Texnc (12)
and
1
Ns = Evex(f)Texnsv (13)

where vex (f) is the number of DNA segments translocated per unit time (the
extrusion rate). The factor 1/2 in Eqs. 12 and 13 represents the fact that the
fraction of condensin that has translocated / DNA segments (0 < /< vyTex)
is equal at any moment of time in the steady state. The fraction Neg/
N(= 1 —N; /N) of elastically effective chains is derived by using the rela-
tionship N; = N, + N (see also Eq. 2).

In general, the extrusion rate vex (f) depends on the tension f applied to
the DNA. We here use the linear force-velocity relationship

v (f) = VO( - ]f—) (14)

for f < fi and vex = O for f > f, where vy is the extrusion rate at f = 0 and
[« 1s the stall force, analogous to the treatments for other molecular motors
(36). The extrusion rate vy and the stall force f of yeast condensin are in the
order of 1.0 kbps (~ 3 DNA segments per second) and 1 pN, respectively
(see the force-velocity relationship in ref. (8)). The processivity vo7ex of
condensin I is in the order of 24 kbps (~ 80 DNA segments) (37). With
our model of entangled DNA gels, the tension f has the form

3N1/2
kj% = Teoa. (15)

Eq. 15 is derived by using the elastic force f = 3kgTR/6R? of an entangle-
ment strand with R = AbN;({Z and 6R? = b’N, (see the discussion below
Eq. 3).

By solving Eqs. 10 and 11 with respect to n. and g in the steady state,
Eqs. 12 and 13 are rewritten in the forms

g1 — 7)1 - a)

N. = N 16
T -0+, 19
and
gy,
N, = N 17
T+ =) =) + ) a7
with
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1

: - Ekonvex (f)sz- (18)

Because ¢ is a function of the tension f, we define a parameter

1

CO = Ekonv()’rz;u (19)

which represents the extent of the loop extrusion activity for f = 0.

RESULTS

The DNA volume fraction ¢ and the occupancy a of linker his-
tones of the entangled DNA gel are derived by using Eqs. 8 and
9 as functions of 6 parameters: the loop extrusion activity £,
the chemical potential of linker histones (u — €)/(kgT),
the interaction parameter ,, the stall force fyb/(kgT) of con-
densin, the shear modulus Gobh?/ (kBT¢(1)/ ) at the reference
state, and the fraction vy, of strands at the surface. One can
change the loop extrusion activity , and the chemical poten-
tial p of linker histones by changing the concentrations of con-
densin and linker histones. Eq. 8 has two stable solutions and
one unstable solution of the occupancy o for uy,, <u<e —
2kgT. The threshold chemical potential uy, depends only
on the interaction parameter 7 and has the analytical form

14+ 1 -2/x
1 — /1 —-2/x

(20)

€ = Hm 2

—lo
kgT 1 —+1-=2/x g

(see the cyan dot in Fig. 3). Eq. 20 is derived by the condi-
tions (¢ — u)/(keT) =2, ¢ = 1and 2 (2x¢) = 0, with
which Eq. 8 has multiple solutions (see Section S1). The oc-
cupancy o is derived as the stable solution with the smaller
free energy g/¢. In general, the tension developed in the
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FIGURE 3 The phase diagram of an entangled DNA gel with respect to
the loop extrusion activity £, and the chemical potential p of linker histones
for fiy — o0. The cyan and magenta dots are the two threshold values, g,
and gy, of the chemical potential. The loop extrusion activity ¢, is defined
by Eq. 19. The numerical calculations are performed by using x = 4.3,
Gob3/(kBT¢(])/3) = 0.1, and v, = 0.1. To see this figure in color, go on-
line.
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chromosome can decelerate the loop extrusion of condensin.
However, the essential feature of the system is captured even
for the simple case that the stall force of condensin is very
large, f— o, and the deceleration of the loop extrusion
by the tension is negligible, { = {,. We first treat such
case in this section.

Without the loop extrusion by condensin, {; = 0, the
entangled DNA gel is swollen for the concentrations of
linker histones in the solution smaller than a threshold value,
U< o, Whereas it collapses for u > uy,, (see the magenta
dot in Fig. 3). The chemical potential ., has the asymptotic
form

3/5

/th — & 3 (;()b3 5 G0b3

Sy St e bRl el IR
B kBT¢0 kBTd)()

for small shear modulus, Gob? / (kg T¢>(1)/ %) =0, large interac-

tion parameter, y >> 1, and small chemical potential, (u —
€)/(ksT) < — 1. For this limiting case, one can assume
a <1 and ¢ <1 for the swollen phase and a=1 and ¢ = 1
for the collapsed phase. Eq. 21 is derived by using the
asymptotic expression of the free energy f/¢ of the two
phases for this limit and by finding the condition with which
the values of the free energy f/¢ of the two phases are equal
(see Section S2).

The entangled DNA network is swollen for the loop-
extrusion activity smaller than a threshold, £y <y, (see
Fig. 3). For {; < {om, the DNA volume fraction ¢ increases
with increasing the loop extrusion activity £, while the
occupancy o is very small and approximately constant
(see the magenta and cyan lines in Fig. 4). The number of
DNA segments N, extruded to the loops in the core also
increases with increasing the loop extrusion activity
(see the black line in Fig. 4). In the swollen phase, the
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FIGURE 4 The volume phase transition of the entangled DNA gel. The
volume phase transition ¢ (magenta), the occupancy o of DNA binding
sites by linker histones (cyan), and the fraction N./N of chain segments
in the loops at the core (black) are shown as a function of the loop extrusion
activity ¢, (defined by Eq. 19). These curves are derived by using x = 4.3,
(u — )/(ksT) = — 4.5,and Gob®/(kgT¢y>) = 0.1, v, = 0.1.Tosee
this figure in color, go online.
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DNA volume fraction ¢ and the number of DNA segments
N, in the core have asymptotic forms

2G0b3 3/5 (1 i C0)4/5
¢ = 1/3 — 1/5 (22)
kT, (I + (1 = 7)%)

and

%o
1+ &

]&:(1_75)

N (23)

for small values of Gob/ (kBTdb(l)/ ?). These asymptotic
forms are derived by expanding Eqs. 8 and 9 in a power se-
ries of o and ¢ and by neglecting higher-order terms (see
Section S2.1).

At the threshold loop extrusion activity, {5 = s, both
the occupancy o and the DNA volume fraction ¢ jump to
approximate unity (see the cyan and magenta lines in
Fig. 4), while the number N, of DNA segments extruded
to the loops in the core jumps to a smaller value (see the
black line in Fig. 4). The jump of the DNA volume fraction
¢ is analogous to the volume phase transition of polymer
gels (25,26,35). The volume phase transition is driven by
the loop extrusion by condensin: the swollen state is desta-
bilized by the stiffening of the entangled DNA network due
to the loop extrusion process and drives the transition to the
collapsed state. The collapsed state is stabilized by the tran-
sient cross-linking of DNA by linker histones, where the
binding of linker histones to DNA, in turn, is enhanced as
the concentration of DNA increases (see the third term of
Eq. 8). This mechanism is very different from the volume-
phase transition of polymer gels in the thermodynamic
equilibrium, where the transition is driven by the osmotic
pressure of counterions (17) or the cooperative hydration
(38). The small number N, of DNA segments extruded to
the loop in the core results from the fact that the loading
of condensin to the DNA segments in the core is suppressed
by the linker histones bound to these segments (see the black
line in Fig. 4 and Eq. 16). Condensin is localized at the sur-
face of the entangled DNA network. The features of the en-
tangled DNA network in the collapsed phase are analogous
to sparklers. Our theory thus predicts that sparklers are
assembled by the volume phase transition of entangled
chromosomes.

Now, we take into account the deceleration of loop extru-
sion by the tension developed in the DNA. The volume-
phase transition of the entangled DNA gel is driven by
changing the loop extrusion activity , for a window
My < M <ty of the chemical potential of linker histones,
as in the case of f — % (see Fig. 5). There are two features
that are different from the case of fi — oo: First, the width
Mo — My of the window of the chemical potential de-
creases with decreasing the stall force (see Fig. 6). Second,
the entangled DNA gel experiences a reentrant transition
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FIGURE 5 The phase diagram of an entangled DNA gel with respect to
the loop extrusion activity £, and the chemical potential p of linker histones
for fub/(kgT) = 5.0. The light green and magenta dots are the two
threshold values, wg,,” and py,, of the chemical potential. The loop extru-
sion activity {, is defined by Eq. 19. The numerical calculations are per-
formed by using x = 4.3, G0b3/(kBT¢(l)/3) = 0.1,and v, = 0.1. To
see this figure in color, go online.

from the collapsed phase to the swollen phase by increasing
the loop extrusion activity {, to higher values (see Fig. 5).
These features imply that the sparkler phase is destabilized
by the deceleration of the loop extrusion process. The reen-
trant volume phase transition results from the fact that the
condensin is stalled at a smaller loop extrusion activity £,
in the swollen phase than in the collapsed phase (see factor
Ain Eq. 15): the free energy of the collapsed phase increases
with increasing the loop extrusion activity, while the free
energy of the swollen phase, in which condensin stalls, is
constant. The reentrant transition happens when the free
energy of the collapsed phase becomes larger than the free
energy of the swollen phase.

DISCUSSION

We have constructed a minimal model for reconstituted
chromosomes, from which topo II is depleted. The reconsti-
tuted chromosomes behave as swollen entangled DNA gels
if condensin is depleted. The main concept delineated by
this theory is that the loop extrusion by condensin translo-
cates DNA segments from the elastically effective chains
of the entangled DNA network to the elastically ineffective
chains and thus stiffens the entangled DNA network. The
stiffening by the loop extrusion process destabilizes the
swollen phase and drives the volume phase transition to
the collapsed phase. The collapsed phase is stabilized
by the transient cross-linking of DNA by linker histones,
where the binding of linker histones to DNA is, in turn,
enhanced by the condensation of DNA. This mechanism
of the volume phase transition is very different from the
classical mechanisms, such as the osmotic pressure of coun-
terions (17) and cooperative hydration (38).

Our theory predicts that DNA and linker histones are
condensed at the core of the entangled DNA network, while
condensin is excluded from the core and acts mainly at the
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surface of the network. These predicted features of the
collapsed phase are analogous to the sparklers found by
Shintomi and Hirano (14). Our theory predicts that the
effective attractive interactions due to the transient cross-
linking between DNA segments by linker histone drive the
condensation of DNA and that linker histone at the core
suppresses the loading of condensin to these segments.
The sparklers typically have a couple of protrusions (14).
These protrusions may result from the adhesion of conden-
sin at the surface to the cover slip and are beyond the scope
of our theory. Comparison with mitotic chromosomes in vivo
is more challenging because chromosomes are already indi-
vidualized in the early prophase (39). The volume phase
transition may be involved in mutants, from which topo II
depleted, and/or at the short timescale before chromosomes
are individualized by topo II.

Estimating the values of parameters involved in our theory
may be useful to experimentally test our theory. The proces-
sivity voTex of condensin I is in the order of 24 kbps, which
corresponds to ~ 80 DNA segments (37). For cases in which
the number of condensin loaded on DNA is one every 10 seg-
ments, ”*‘Ny = konTex =0.1, in the steady state, the loop-
extrusion activity ¢, defined by Eq. 19 can be estimated as
=~4. The loop extrusion activity ¢, is proportional to the con-
centration of condensin in the solution and thus can be
controlled experimentally. The chemical potential u/(kgT)
is the logarithm of the volume fraction of linker histones
and is another quantity that can be controlled experimentally.
The chemical potential is u/(kgT)= — 12 for cases in
which the concentration of linker histone is =100 nM by
roughly estimating the volume of a linker histone as
100 nm? (40). It is harder to estimate the binding energy
¢/(ksT) because the dissociation rate of linker histone de-
pends on histone chaperone Napl (28). The interaction
parameter  is widely used to represent the magnitude of
the interactions between polymers in a solution (23). One
can use the relationship x «ce~¢/(*#7) to estimate the interac-
tion parameter 7 (30), but the value of the binding energy is
necessary. The interaction parameter ¢ may be experimen-
tally accessible, independently from the binding energy,
by measuring the radius of gyration of DNA as a function
of the concentration of linker histone (and Napl) in vitro
(41). It is also difficult to estimate the elastic modulus
Gob*/ (kBTqb(l)/ *) of entangled chromosomes because of the
lack of information on the extent of the entanglement be-
tween an entangled chromosomes used in the reconstituted
system and the quantitative relationship between the extent
of the entanglement, and the number N, of segments in an
entanglement strand remains to be identified. This quantity,
however, can be, in principle, extracted from the measure-
ments of the stress-strain relationship of the chromosomes.
The asymptotic expressions of the occupancy o, the DNA
volume fraction ¢, and the number N, of DNA segments in
the loops shown in Section S2 may be useful to quantitatively
test our theory in future experiments.
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FIGURE 6 The threshold chemical potentials wy,, (cyan), wg,’ (light
green), and g, (magenta) versus the stall force fi. The numerical calcula-
tions are performed by using x = 4.3, Gob3/(kBT¢(l)/3) =0.l,andy, =
0.1. To see this figure in color, go online.

Our model takes into account the deceleration of the loop
extrusion by the tension developed in the DNA. The decel-
eration mechanism can be significant in entangled DNA
gels, where the tension developed in DNA does not relax
due to the entanglements. This is in contrast to the situation
of DNA freely diffusing in a solution (42). The stall force of
yeast condensin is reported to be on the order of 1 pN, cor-
responding to fyb/(kgT) =24 (8). Whether the deceleration
mechanism 1is significant or not depends on the shear
modulus Gob?/ (kBTqb(l)/ %) of the entangled DNA network.

We used a couple of assumptions to simplify the model.
First, we treated cases in which the concentration of conden-
sin in the solution is relatively small and assumed that con-
densin is not loaded to DNA loops that have been already
translocated by previously loaded condensin. However,
this assumption is not essential for our treatment: in the
other limit of large condensin concentrations, the DNA seg-
ments that were translocated to the loops return to the elas-
tically effective chains when condensin is unloaded but are
soon translocated to the loops by other condensin. Such
cases can be treated by using the same formalism but
without the factor 1/2 in Eqs. 12 and 13. Second, we
assumed a reference state, a DNA solution that forms the
same number of effective cross-links by entanglements as
the mouse sperm chromosomes. Such a reference state
surely exists for cases in which chromosomes are relaxed
to the thermodynamic equilibrium before topo Il is depleted.
Howeyver, it is not trivial whether the reference state exists in
general. Our assumption is probably the best given our
current knowledge of the polymer entanglement and its
simplicity. Third, we neglected the fact that condensin
and/or linker histone that are not bound to the DNA network
may be excluded from the network due to the excluded vol-
ume interaction between these proteins and DNA. Indeed,
the osmotic pressure generated by these proteins is constant
and does not contribute to the force balance in an open sys-
tem (see also Section S3 and the discussion in the second
paragraph of the conclusion). Fourth, we assumed a linear
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relationship between the extrusion rate of condensin and
the DNA tension (see Eq. 14). The functional form of the
force-velocity relationship probably influences the details
of the boundary between the swollen and collapsed phases.
However, we expect that it does not change the essential
feature of the system (see also Figs. 3 and 5).

CONCLUSION

The main prediction of our theory is the volume phase tran-
sition of entangled chromosomes, which will be observed
when one changes the concentration of condensin for a win-
dow of the chemical potential of linker histones (see the
phase diagram in Fig. 5). This prediction may be experimen-
tally accessible on reconstituted chromosomes, from which
topo Il is depleted, by changing the concentration of conden-
sin and linker histones. The stiffening of entangled chromo-
somes due to the loop extrusion may be more directly tested
by measuring the stress-strain curve of entangled chromo-
somes by changing the concentration of condensin in the
system.

The volume phase transition of gels of synthetic polymers
is a very slow process. However, the volume phase transition
of chromosomes can be fast because the chromosomes,
which are on the order of micrometer, are smaller than
typical synthetic polymer gels, and the mesh size is likely
to be rather large. It is therefore tempting to think that the
volume phase transition driven by the loop extrusion process
is involved in the condensation of chromosomes at the entry
of mitosis. Beel and coworkers recently proposed a similar
view but with the volume phase transition due to the osmotic
pressure of counterions (17). This and our theories are not
mutually exclusive. Indeed, our theory predicts the bistabil-
ity of the swollen and sparkler phases but does not predict
the instability of each phase (see Fig. 4). We assume that
the volume phase transition can be driven by thermal fluctu-
ations, but the osmotic pressure of counterions or that due to
excluded volume interactions between DNA and other mol-
ecules, such as condensin and linker histones diffusing in
the solution, may result in the instability. Chromosomes
can collapse due to the osmotic pressure difference gener-
ated by proteins excluded from the chromosomes (43). In
the reconstituted system, linker histones are rather localized
at the core of the sparkler. Condensin is excluded from the
core. However, the concentration of condensin is in the or-
der of 10 nM and thus does not significantly change the os-
motic pressure at the exterior (see also the discussion in
Section S3).

The dynamics of the structural transition at the entry and
exit of mitosis by taking into account the volume phase tran-
sition or the disentanglement by topo II will be the subject of
our future research. Our theory also provides insight into the
mechanism of the assembly of the reconstituted chromo-
somes, which have been studied intensively in recent years
(12-14,17,18).



The mathematica file used for the numerical calculations
is available in figshare with the identifier https://doi.org/10.
6084/m9.figshare.19882501.
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